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ABSTRACT
A numerical study of double-diffusive magneto hydrodynamic (MHD) mixed convection at a permeable
vertical plate is made in this article. The electrically conducting fluid is assumed to flow with a constant velocity
parallel to the vertical plate. Viscosity of the fluid is taken to be a function of temperature. Using a similarity variable,
governing equations of the two-dimensional boundary layer flow, heat and mass transfer are transformed to ordinary
differential equations and solved by Nachtsheim-Swigert scheme. Assisting and opposing buoyancy cases are
considered. The characteristics of flow, heat and mass transfer depend upon a number of non-dimensional parameters
including Pr - the Prandtl number, Sc - the Schmidt number and θr - the viscosity variation parameter. The skin
friction, the heat transfer coefficient and the Sherwood number are determined for a wide range of fluids (0.7 ≤ Pr ≤
250), for different types of concentration species (0.1 ≤ Sc ≤ 100) and for different values of the viscosity variation
parameter θr (5 ≤ θr ≤ 1000). It is observed that: In assisting flow, skin friction reduces with increasing Prandtl
number and diminishing diffusion of the species. It increases with increasing viscosity variation parameter. In
opposing flow skin friction gets enhanced with diminishing diffusion of the species. In both assisting and opposing
flows the Sherwood number increases, almost linearly, with diminishing diffusion of the species.
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1. INTRODUCTION
Double diffusive convection processes occur in many fields of Science and technology, for example in solid
state physics, in Oceanography and in processes like drying, evaporation and condensation (Refer Pop and Ingham
2001). Many researchers have analyzed double-diffusive convection problems in free flows as well as in flow
through porous media taking into consideration different aspects of the problems. Mahdy (2010), discussed double
diffusive convection in porous media; (Subhashini, 2013; Teamah, 2013; Xu, 2014; Patil, 2014, 2016; Chen, 2004)
are some of the many researchers who analyzed different double diffusive convection problems. The effects of
magnetic field, chemical reaction, suction / injection etc. on double diffusive free convection and mixed convection
were discussed by the earlier researchers. Gebhart and Pera (1971), presented similarity solutions of a double
diffusive natural convection problem with water and air for many values of Schmidt number in aiding and opposing
buoyancy cases. The effects of chemical reaction and variable viscosity on mixed convective heat and mass transfer
at a permeable plate were discussed by Mahmoud (2007). Similarity solutions were presented by Rao (2016), for
magneto hydrodynamic double diffusive free convection at a permeable vertical plate through the use of a buoyancy
ratio parameter. Prasad (2016), made a similar analysis of magneto hydrodynamic double diffusive mixed convection
at a permeable vertical plate and presented similarity solutions.
In this article the authors reanalyzed the problem of Prasad (2016), in a different approach, derived certain
new results and presented them. In this article also, the governing equations are reduced to a set of ordinary
differential equations by the use of a similarity variable and solved by Nachtsheim-Swigert scheme (Nachtsheim and
Swigert, 1965). Assisting and opposing buoyancy cases are considered. Certain important results of the analysis
showing the effects of different base fluids, different concentration species and viscosity variation on the
characteristics of the flow, heat and mass transfer are presented and discussed.
Formulation & Solution: Consider a permeable plate immersed vertically in a homogeneous electrically conducting
viscous fluid containing a concentration species. The fluid flows with a fixed velocity (u∞) parallel to the plate. Xaxis is chosen vertically upwards along the plate. Y-axis is chosen perpendicular to it. A magnetic field of intensity
Bo acts transverse to the plate. Viscosity of the fluid is assumed to depend on temperature as 1/μ=1/μ∞ [1+α(T-T∞)].
Using Boussinesque’s approximation, introducing a similarity variable, the equations governing the two-dimensional
laminar flow, heat and mass transfer can be written in non-dimensional form as (𝜃 − 𝜃𝑟 )𝑓 ′′′ − 𝑓 ′′ 𝜃 ′ −
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The boundary conditions for f, θ, ∅ are
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In the above equations and boundary conditions, η (similarity variable), f (non-dimensional stream function),
θ (non-dimensional temperature), ∅ (non-dimensional concentration), θr (viscosity variation parameter), Grx (local
Grashof Number for the fluid), Rex (local Reynolds number), Grcx (Grashof Number for the concentration species),
Mx (Magnetic Reynolds number), Pr (Prandtl number), Ec (Eckert number (due to Ohmic heating)), Sc (Schmidt
number), γx (chemical reaction parameter) and vw (suction / injection parameter) have the same definitions of Prasad
(2016), and they are not presented here for sake of brevity. Numerical solutions of the equations (1) – (3) with
boundary conditions (4) are obtained by the use of Nachtsheim-Swigert scheme for certain physically meaningful as
well as certain hypothetical values of parameters. For certain selected values of parameters the results are compared
with those of Prasad (2016), and found good agreement between the two.
3. RESULTS AND DISCUSSION
The flow, heat and mass transfer characteristics of practical interest are the skin friction (shear stress at the
plate), Nusselt number (heat transfer rate at the plate) and Sherwood number (mass transfer rate at the plate) besides
the hydrodynamic, thermal and concentration boundary layer thicknesses. In this paper, attention is confined to the
behaviors of skin friction, Nusselt number and Sherwood number for values of the parameters, 0.7 ≤ Pr ≤ 250, 0.1 ≤
Sc ≤ 100, 5 ≤ θr ≤ 500 and for Mx = 0.0,0.1, Ec = 0.0,0.1, vw = 0.25,0.5, Grx = 5, Grcx = -2, 4,-4, γx = 0.1,0.2, Rex =
3.0. When the buoyancy forces due to the fluid and the species act in the same direction or in opposite directions,
the resulting flow will be referred to as assisting flow or opposing flow. In this analysis, negative values of Grcx
correspond to opposing flow. Also note that ‘Pr = 0.7’ corresponds to the base fluid air while ‘Pr = 250’ corresponds
to unused engine oil at about 1100C. The variations in viscosity for air are not at all significant while they are
relatively significant for unused engine oil. (In the figures ‘Gm’ is used to represent γx.)
Variations in skin friction (𝑓′′(0)) with the Schmidt number Sc (in fact ln Sc – Logarithm of Sc) in assisting
flow are shown in figure -1. Similar variations of Nusselt number(−𝜃′(0)) and Sherwood number(−∅′(0)) are
shown in figures.2, 3. From figure.1, one may note that skin friction diminishes with diminishing diffusion of the
species (increasing Sc) and tend to approach a constant value as the diffusion further diminishes. Further, increasing
chemical reaction and increasing Prandtl number diminish skin friction. From figure.2, Nusselt number can be seen
to be unaffected by changing values of the Schmidt number Sc. However, increasing Prandtl number significantly
increases Nusselt number while chemical reaction parameter slightly diminishes Nusselt number. From figure.3, the
Sherwood number can be seen to increase exponentially with ‘ln Sc’, or Sherwood number grows almost linearly
with Sc. Increasing chemical reaction increases Sherwood number and Prandtl number has insignificant effect on
Sherwood number.
In figures.4 to 6 are shown variations in 𝑓′′(0), ‘ − 𝜃′(0)’, ‘ − ∅′(0)’ with ‘ln Sc’ in opposing flow. Contrary
to assisting flow, in opposing flow, skin friction grows with diminishing diffusion of the species and approaches a
constant value as the diffusion further diminishes. Also increasing Prandtl number has a diminishing effect on skin
friction. From figures.5 and 6, one can note that the variations in ‘ − 𝜃′ (0)’, −∅′(0)’ in opposing flow are exactly
similar to those of the assisting flow.
In figures.7 to 9, are presented plots of 𝑓′′(0), ‘ − 𝜃′(0)’, ‘ − ∅′(0)’ against the viscosity variation parameter
𝜃𝑟 (in fact ‘𝑙𝑛 𝜃𝑟 ’) in opposing flow for Pr = 250. As mentioned earlier, variation of viscosity with temperature for
the fluid represented by Pr = 250, unused engine oil, is relatively significant. From figure.7, it may be noted that skin
friction grows with increasing 𝜃𝑟 . That is, if viscosity variation with temperature is neglected, then skin friction can
assume relatively larger values. Further, when there is no magnetic field (and hence no Ohmic heating), skin friction
assumes relatively larger values. From figures 8 and 9 one can note that the behaviours of ‘ − 𝜃′ (0)’ 𝑎𝑛𝑑 ‘ − 𝜙′ (0)’
are qualitatively similar to those of ‘𝑓′′ (0)’.
Figures.10 to 12 depict behaviours of 𝑓′′ (0), ‘ − 𝜃′ (0)’, ‘ − 𝜙′ (0)’ with changing Prandtl number Pr in
assisting flow. From figure-10, skin friction can be seen to diminish with increasing Pr. The variation in skin friction
between suction and injection cases reverses with increasing Prandtl number. In the presence of suction Nusselt
number increases with Prandtl number while in the presence of injection, opposite is the behaviour (figure.11). Also
the variations in the Nusselt number with Pr are significant in the suction case while they are insignificant in the
injection case. Further, increasing Prandtl number diminishes Sherwood number although the diminishing nature is
not at all significant (figure.12).

Figure.1. Plots of skin friction for 𝑴𝒙 = 𝑬𝒄 =

Figure.2. Plots of Nusselt number for 𝑴𝒙 = 𝑬𝒄 =

𝟎. 𝟏, 𝑹𝒆𝒙 = 𝟑, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = 𝟒, Ѳ𝒓 = 𝟓𝟎𝟎

𝟎. 𝟏, 𝑹𝒆𝒙 = 𝟑, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = 𝟒, Ѳ𝒓 = 𝟓𝟎𝟎
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Figure.3. Plots of Sherwood number for 𝑴𝒙 = 𝑬𝒄 =

Figure.4. Plots of skin friction for 𝑴𝒙 = 𝑬𝒄 = 𝑮𝒎 =

𝟎. 𝟏, 𝑹𝒆𝒙 = 𝟑, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = 𝟒, Ѳ𝒓 = 𝟓𝟎𝟎

𝟎. 𝟏, 𝑽𝒘 = 𝟎. 𝟓, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, Ѳ𝒓 = 𝟓𝟎𝟎

Figure.5. Plots of Nusselt number for 𝑴𝒙 = 𝑬𝒄 =

Figure.6. Plots of Sherwood number for 𝑴𝒙 = 𝑬𝒄 =

𝑮𝒎 = 𝟎. 𝟏, 𝑽𝒘 = 𝟎. 𝟓, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, Ѳ𝒓 = 𝟓𝟎𝟎

𝑮𝒎 = 𝟎. 𝟏, 𝑽𝒘 = 𝟎. 𝟓, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, Ѳ𝒓 = 𝟓𝟎𝟎

Figure.7. Plots of skin friction for 𝑮𝒎 = 𝟎. 𝟏, 𝑽𝒘 =

Figure.8. Plots of Nusselt number for 𝑮𝒎 = 𝟎. 𝟏, 𝑽𝒘 =

𝟎. 𝟐𝟓, 𝑺𝒄 = 𝟐. 𝟎, 𝑷𝒓 = 𝟐𝟓𝟎, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = −𝟐, 𝑹𝒆𝒙 = 𝟑

𝟎. 𝟐𝟓, 𝑺𝒄 = 𝟐. 𝟎, 𝑷𝒓 = 𝟐𝟓𝟎, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = −𝟐, 𝑹𝒆𝒙 = 𝟑

Figure.9. Plots of Sherwood number for 𝑮𝒎 =

Figure.10. Plots of skin friction for 𝑴𝒙 = 𝑬𝒄 =

𝟎. 𝟏, 𝑽𝒘 = 𝟎. 𝟐𝟓, 𝑺𝒄 = 𝟐. 𝟎, 𝑷𝒓 = 𝟐𝟓𝟎, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 =
−𝟐, 𝑹𝒆𝒙 = 𝟑

𝑮𝒎 = 𝟎. 𝟏, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙 = 𝟒, 𝑹𝒆𝒙 =
𝟑, Ѳ𝒓 = 𝟓

Figure.11. Plots of Nusselt number for

Figure.12. Plots of Sherwood number for
𝑴𝒙 = 𝑬𝒄 = 𝑮𝒎 = 𝟎. 𝟏, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙
= 𝟒, 𝑹𝒆𝒙 = 𝟑, Ѳ𝒓 = 𝟓

𝑴𝒙 = 𝑬𝒄 = 𝑮𝒎 = 𝟎. 𝟏, 𝑺𝒄 = 𝟎. 𝟔, 𝑮𝒓𝒙 = 𝟓, 𝑮𝒓𝒄𝒙
= 𝟒, 𝑹𝒆𝒙 = 𝟑, Ѳ𝒓 = 𝟓
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4. CONCLUSION
 With aiding buoyancies, as the rate of diffusion diminishes skin friction diminishes and asymptotically
approach a constant value. Increasing chemical reaction and increasing Prandtl number also diminish skin
friction.
 With opposing buoyancies skin friction grows with diminishing diffusion of the species and asymptotically
approach a constant value. Also skin friction grows with the Prandtl number.
 With both aiding and opposing buoyancies Sherwood number increases almost linearly with increasing Sc
or with diminishing diffusion of the species. Nusselt number is not significantly affected by the Schmidt
number as well as viscosity variation parameter.
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