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ABSTRACT
The well-known Half Logistic probability model is chosen and derived the inverted version of this
distribution also obtained some of its characteristics. The inverted versions of the two popular life testing models
namely Rayleigh Distribution and Half Logistic Distributions are considered. The variable control charts for mean
and range of subgroups for Inverse Rayleigh Distribution (IRD) and Inverse Half Logistic Distribution (IHLD) are
constructed by using skewness corrected (SC) control chart technique based on the Bowley’s and Kelly’s coefficient
of skewness. The coverage probabilities are also computed by using the technique of simulation. The results are
compared with respect to the probability models and methods as well.

KEY WORDS: Life testing models, inverted distributions, skewness corrected control charts, control limits and
coverage probability.

1. INTRODUCTION
The p d f of Inverse Rayleigh Distribution (IRD) is given by
-1
fy; ) = Afyg e™2y>0, A>0 (1.1)
Where ‘A’ is the scale parameter
The c d fis given by
-1

F(y;) =e*®»% 1> 0 (1.2)

The cumulative distribution function of the well-known Half Logistic Distribution (HLD) is
—bx

F(x) =

1+e—bX

If a random variable X has a Half Logistic Distribution (HLD), then the distribution of Y= }1 may be

considered as inverse Half Logistic Distribution. Its cumulative distribution function (cdf) is defined by
F(Y) =P(Y<Yy)

r(ie)
=P(X2$)

=1-P(X< i)
F(Y)=1-F (1) Which is the cumulative distribution function (cdf) of the inverted distribution of Y.
—b/
F(Y) =5 .¥>0,b>0 (1.3)

The p d f of Inverse Half Logistic Distribution (IHLD) is given by

pe=b/y
fib) = W,yw b>0 (1.4)

Where ‘b’ is the scale parameter
. .. 1-e~b/t
The reliability functionis R(t) = —=7

. 2be~b/t
The hazard function h(t) = m
The standard p d f of IHLD is given by
20~ 1/y
fO) =y

The distributional characteristics for standard IHLD are
Median = 0.910239
Mode =0.416063

Bowley’s coefficient of Skewness = W = 0.450943
37 K1
P19+Pgo—2P5p

Kelly’s coefficient of Skewness =0.754238

Pgo—P1o
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7 5 3 1
Moor’s coefficient of kurtosis = Q(S) zggg 253)) N 1.661048
8 8

Control charts for process mean and range are developed to many symmetric and skewed probability models
by several authors. The references in this study includes Chan (2003), studied on Skewness Correction for X and R
Charts for Skewed Distributions, Kantam (2006), obtained on the Control Charts for the Log-Logistic Distribution,
Subba rao and kantam (2008), discussed variable control charts for process mean with reference to Double
Exponential Distribution, Chaitanya (2011), determined the Kurtosis Correction Method for Variable Control Charts
—a Comparison in Laplace Distribution, Derya (2012), discussed on Control Charts for Skewed Distributions like
Weibull, Gamma, and Lognormal, Srinivasa Rao (2012), obtained the mean and range charts for skewed distributions
and a comparison based on Half Logistic Distribution, Subba rao (2014), discussed on Acceptance Sampling Plans
for Size Biased Lomax Model, Srinivasa rao (2014), derived the Variable Control Charts Based on Percentiles of
Size Biased Lomax Distribution, Srinivasa rao (2015), discussed on Variable control charts based on Exponential-
Gamma distribution, Srinivasa rao (2015), attempted the variable control charts based on percentiles of the new
Weibull- Pareto distribution.

The research paper is organized as follows: for a ready reference, the summary of Chan and Cui (2003), is
given in section Il. Construction of skewness corrected control charts adopted for IRD are presented in section IlI.
Section IV deals with the construction of skewness corrected control chart constants for IHLD. The coverage
probabilities for both the distributions using Bowley’s and Kelly’s methods are calculated in section V. The summary
and conclusions between the two probability models with respect to the two methods are given in section VI.
Skewness Corrected Control Chart: Chan and Cui (2003), have worked out control chart constants for skewed
data dependent on the coefficient of skewness of the population for selected sub group sizes and coefficient of
skewness. The control limits and the central line for a skewness corrected (SC) control chart for X — Chart are;

ﬂ R = —_
UCLX=)?+<3+ 3 ) R_ = X+ AR,

102G |azvn ~
n

SC X Chart:{ CLyz = X,

4k3 _
__ _ 3vn R — =_ B
LCLg —X+< 3+ 1+0.2k§)d§\/ﬁ = X—-AIR

Where the constants d; is specially developed and as available in Chan and Cui (2003). The results of SC

method control limits are tabulated for n=2 (1) 5, 7, 10 in Chan and Cui (2003) and these are reproduced in Table.1.
Table.1. Skewness Corrected X - Chart Constants
n=2 n=3 n=4 n=5 n=7 n=10
ks Ay A Ay A} Ay A} Ay Ay Ay Ay Ay A}
0.0 188 (188 |103 [1.03 |0.73 |0.73 [058 |058 |042 |042 |031 [0.31
0.4 214 |1.67 | 113 |092 |082 |0.69 |063 |053 |045 [0.39 |0.33 |0.29
0.8 237 | 147 | 125 |084 | 087 |0.61 |068 |050 |[048 |[0.37 |0.35 |0.28
1.2 261 | 132 |137 |077 |095 |057 |0.74 |046 |052 |035 |0.37 |0.26
1.6 283 | 122 |149 |0.72 |1.03 [054 |0.79 |044 |056 |0.33 |0.39 |0.25
2.0 3.02 | 115 |1.60 |0.68 |110 |[051 |0.85 |042 |059 |032 |042 |0.25
2.4 319 | 112 |169 |065 |1.18 |049 |091 |040 |0.63 |[0.30 |044 |0.23
2.8 332 | 113 | 178 |0.64 | 124 |047 |095 |039 |066 [0.29 |[046 |0.22
3.2 345 | 116 |186 |064 |129 |047 |1.00 |0.38 |0.69 |0.29 |0.48 |0.22
3.6 352 | 120 [1.92 |065 |134 |047 |1.04 |0.37 |0.72 |0.28 [050 |0.21
4.0 359 | 152 | 197 |0.66 |139 |047 |107 |037 |0.75 [0.27 | 051 |0.21
If the value of ks for our specified model is not any one of those values in the above table, it is suggested to

take the nearest tabulated value of ks or to use interpolation.

Proceeding on similar lines the control limits for the skewness corrected range chart is given by;

UCLg =[1+ (B +d}) —Z%] R =DiR,
2
SCR Chart: ) CLgr =R,

d3] - _
LCLy = [1 +(-3+ dz)d—f R =D;iR
2

Where d3, d3, d;control chart constants are specially constructed taking into consideration the non-normality
of the model. For ready reference the constants for SC range chart are also reproduced here from Chan and Cui
(2003) in Table.2.
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Table.2. Skewness Corrected R - Chart Constants
n=2 n=3 n=4 n=5 n=7 n=10
ks | D, | D | Dy | D | D, | D; | D | D | D, | D | D, | D3
0.04.12|0.00|2.93|0.00|253|0.00|230]|0.10|2.06|0.24|1.88]0.35
0.4]421|000|3.06|000|569|0.01|240|0.14|2.16|0.27|1.98|0.38
0.8]441|0.00|3.28|0.00|285|0.07|261|0.17|236|0.29|217|0.39
1.2 1470 0.00 | 3.58|0.00|313]0.09|2.88|0.17|2.61|0.28|2.41|0.37
1.6 | 5.03|0.00|390|0.00|3.44|0.07|317]0.15|2.88|0.26|2.65|0.34
20(1532|0.00|420|0.00|371|0.03|344|0.11|3.13|0.21|2.900.28
2.4 15.60|0.00|4.46|0.00|397|000|3.69|0.06|337|016|3.11|0.24
2.85.85|0.00|4.71|0.00|4.21|000]|392|0.05|358]|0.11|3.31|0.19
3.216.09|0.00|4.93|0.00|442|0.00|4.13|0.00|3.78|0.00|3.50|0.14
3.6 |6.27|0.00 | 5.12 | 0.00 | 461 | 0.00 | 4.31 | 0.00 | 3.96 | 0.00 | 3.67 | 0.09
4.016.44 | 0.00 | 530 | 0.00 | 4.79 | 0.00 | 4.48 | 0.00 | 4.11 | 0.00 | 3.81 | 0.04
Control Chart Constants for IRD: The coefficient of skewness using Bowley’s and Kelly’s methods are calculated
for Inverse Rayleigh Distribution.

The Bowley’s coefficient of skewness is k3 gy =

(Q3—0Q2)—(Q2—Q1) = 0.3069

The Kelly’s coefficient of skewness is  k3g) = o p =0.5523
90— Y10

Where Q;(i = 1,2,3) is the i"" quartile and P; (i = 10, 50, 90) is the percentile of the IRD.

To find the constants A;, Ay, D3 and D, for specified choices of n and k5 interpolation Technique is used.

For the choice of IRD the constants for control chart are calculated and are presented in Table 111 for X and R charts.
Table.3. Skewness Corrected Control Chart Constants for IRD

Bowley’s coefficient of Skewness (= 0.3069) | Kelly’s Coefficient of Skewness (= 0.5523)

X Chart R Chart X Chart R Chart
n A A D} D} A5 A; D} D}
2 2.0795 1.7188 |4.1891 | O 2.2276 1.5939 4.2862 0
3 1.1067 0.9456 | 3.0297 | O 1.1757 0.8895 3.1438 0
4 0.79905 | 0.6993 | 2.6528 | O 0.8390 0.6595 2.7509 0.0328
5 0.6184 0.5416 | 2.3767 | 0.1307 | 0.6490 0.5186 2.4799 0.1514

7 10.4430 0.3969 | 2.1367 | 0.2630 | 0.4614 0.3824 2.2362 0.2776

10 | 0.3253 0.2947 | 1.9567 | 0.3730 | 0.3376 0.2862 2.0523 0.3838

Random samples of size 5(5) 25 are generated from standard IRD. The mean and range are calculated for

each sample. The grand mean and the mean of the ranges are also computed. Using the constants Aj, Aj and D3,

D; of Table 111 the control limits namely UCL and LCL of X — Chart and R- Chart for standard IRD are calculated.
Table.4. Skewness Corrected Control Limits of IRD

Bowley’s coefficient of Skewness (= 0.3069) | Kelly’s Coefficient of Skewness (= 0.5523)

X Chart R Chart X Chart R Chart
n | LCL UCL LCL UCL LCL UCL LCL UCL
2 | 052016 | 3.23611 | 0 2.99538 | 0.60951 | 3.34201 |0 3.06481
3 10.17616 | 3.63997 | O 5.11345 | 0.27085 | 3.75642 | O 5.30602
4 | 0.28230 | 3.47268 | O 5.64832 | 0.36705 | 3.55763 | 0.06984 | 5.85723
5 10.01611 | 3.79623 | 0.42592 | 7.74503 | 0.09106 | 4.51524 | 0.49337 | 8.08133

7 10.22889 | 3.52110 | 1.03089 | 8.37537 | 0.28573 | 3.59331 | 1.08813 | 8.76539
10 | 0.27687 | 3.45636 | 1.91282 | 10.03437 | 0.32046 | 3.51954 | 1.96821 | 10.52462
Control Chart Constants for IHLD: The procedure adopted to construct the skewness corrected control limits for

IRD is used for Inverse Half Logistic Distribution. The values obtained are given under

The Bowley’s coefficient of skewness s ez p) = 22— 22-21) = 0.4509
371

P10+Pgo—2Ps5p

The Kelly’s coefficient of skewness is  k3g) = - =0.7542
90—t 10

Where Q;(i = 1,2,3) is the i"" quartile and P; (i = 10, 50, 90) is the percentile of the IHLD. To find the
constants Aj, Ay, D3 and D for specified choices of n and k5 interpolation technique is used. For the choice of
IHLD the constants for control chart are calculated and are presented in Table V for X and R charts.
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Table.5. Skewness Corrected Control Chart Constants for IHLD

Bowley’s coefficient of Skewness(=0.4509) | Kelly’s Coefficient of Skewness (=0.7542)
X Chart R Chart X Chart R Chart

n Ay Ay D, D3 Ay A D} D3

2 21693 |1.7591 |4.2355 |0 2.3437 1.4929 4.3871 0

3 |1.1453 |0.9098 |3.0879 |0 1.2363 0.8492 3.2548 0

4 10.8264 | 0.6798 |2.7104 | 0.0176 | 0.8643 0.6192 2.8317 0.0631

5 |0.6364 | 0.5262 |2.4267 | 0.1438 | 0.6743 0.5034 2.5859 0.1666

7 |0.4538 |0.3874 |2.1855 | 0.2725 | 0.4766 0.3722 2.3371 0.2877
10 | 0.3325 | 0.2887 | 2.0042 | 0.3813 | 0.3477 0.2841 2.1482 0.3889

In the similar lines of IRD the control limits for X — Chart and R- Chart of standard IHLD are calculated
and are given in Table.6.
Table.6. Skewness Corrected Control Limits of IHLD

Bowley’s coefficient of Skewness (=0.4509) Kelly’s Coefficient of Skewness (=0.7542)
X Chart R Chart X Chart R Chart

n LCL | UCL LCL UCL LCL | UCL LCL UCL

2 0 21.84128 | 0 3211705 |0 23.16348 | 0 33.26699

3 0 25.57480 | 0 50.93818 |0 27.07529 | 0 53.69154

4 0 22.78219 | 0.35181 |54.17894 |0 23.53778 | 1.26132 | 56.60364

5 0 23.03672 | 3.78209 |63.82471 |0 24.03353 | 4.38175 | 68.01183

7 0 22.24492 | 9.58915 | 76.90672 |0 23.04372 | 10.12403 | 82.24146
10 0 43.56914 | 37.22532 | 195.66479 |0 45.05309 | 37.95752 | 209.72314

Calculation of Coverage Probabilities: The number of sub-group means and sub-group ranges that fall within LCL

and UCL out of 10,000 runs are noted down. The proportions of sample points falls within the control limits will be

calculated. These proportions are named as coverage probabilities of the respective pair of control limits for X —

Chart and R- Chart. The respective skewness corrected coverage probabilities separately for X and R charts using

both the probability models IRD and IHLD for both the methods Bowley’s and Kelly’s are given in Table VII.
Table.7. Coverage Probabilities

X chart R - Chart
n | IRD IHLD IRD IHLD

Bowley’s | Kelly’s | Bowley’s | Kelly’s | Bowley’s | Kelly’s | Bowley’s | Kelly’s
2 |0.8852 0.8480 | 0.9724 0.9739 | 0.9546 0.9556 | 0.9761 0.9767
3 10.9385 0.9426 | 0.9781 0.9794 | 0.9315 0.9358 | 0.9722 0.9733
4 ]0.9310 0.9366 | 0.9749 0.9763 | 0.9248 0.9240 | 0.7673 0.4361
5 10.9611 0.9757 | 0.9713 0.9723 | 0.9173 0.9116 | 0.4286 0.3811
7 |0.9592 0.9614 | 0.9717 0.9730 | 0.7532 0.7402 | 0.2438 0.2359
10 | 0.9693 0.9717 | 0.9863 0.9864 | 0.7139 0.7047 | 0.0990 0.0978

2. SUMMARY & CONCLUSIONS

On careful observation of coverage probabilities given in Table.7, the following points are noted. With
reference to X chart, for both IRD and IHLD the preference goes to Kelly’s method, also among the two probability
models the coverage probabilities are more for IHLD when compared with IRD.

In case of Range chart by considering IRD for n = 2 and 3 Kelly’s method is preferable and for remaining
the coverage probabilities for Bowley’s method are more. Therefore we may say that as n is large Bowley’s method
is preferable. In case of IHLD also the same trend is maintained. Therefore for Range chart we cannot conclude one
method is preferable rather than the other.
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