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ABSTRACT 
Vibrations are significant in engineering problems. The vibrations that occur in any type of applications may 

be desirable or undesirable vibrations and control of undesirable vibrations is very vital. The controlling methods 

applied practically to control vibrations may be either active or passive method. This experimental work proves that 

the piezoelectric actuators when placed, along the beam length and very near to the Cantilever beam end which is 

fixed, controls the vibrations caused by the step input on a Cantilever beam rapidly and efficiently.  
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1. INTRODUCTION 

Vibrations are classified into two categories as desirable and undesirable vibrations. The undesirable 

vibrations are controlled either by using passive vibration control methodology or by using active vibration control 

methodology. The vibration effect can be reduced in Passive vibration control methodology, by changing the 

dimensions and properties of the material. Thus, this method leads to increase in weight of the structure and the cost. 

In Active vibration control method the additional materials like Actuator / Sensors and controller are included. The 

complete structure which consists of the material, actuator / sensor and controller together is called Smart structures, 

which reduces the vibration rapidly and efficiently. 

Literature Survey: The active vibration control of a beam which is flexible and contains piezoelectric patches is 

analysed in detail using ANSYS software by Karagulle (2004). The PID controller is used for controlling the 

vibrations of the cantilever beam and it also controls the vibration of circular plate. For controlling active vibration, 

Narayanan and Balamurugan (2003), suggested Finite element modeling of smart structures using piezo-lamination 

with distributed sensors and actuators. In their work, they compared various controllers which are used for vibrations 

control and they also discussed about the temperature effect on the piezoelectric materials. Haim Waisman and Haim 

Abramovich (2002), described a method such that the composite beams are laminated and actively stiffened using 

piezoelectric actuators. Their work proved that natural frequencies mechanical performance and mode shape can be 

greatly altered by creating in-plane stresses using piezoelectric actuators. Xu and Koko (2004) described in detail 

about Finite element analysis and design of active control piezoelectric smart structures with sensors and actuators. 

The research work of Paolo Gaudenzi (2000), was to analyse the reduction of vibration for an active cantilever beam 

considering a SISO control system. The sensors with sensing actions and actuators with their actuating actions have 

been carried out by two identical PZT piezo-patches which are connected at the beam in a collocated way. Young-

Hun Lim (1997), suggested the closed loop finite element modeling of active structural damping in the frequency 

domain. In this work, the constant velocity feedback control was compared with constant displacement feedback 

control and they concluded that peak resonance is changed without altering the structural mass or stiffness. Chen 

(1997), presented the active vibration control and suppression for intelligent structures. The active vibrations are 

controlled using negative feedback control law and investigated the effect and dynamic stability of controlling active 

vibrations for the intelligent structure by introducing a state space equation. 

In the present study, vibrations of flexible beam caused by disturbing force are controlled actively using 

piezoelectric actuators. The controller used here is Linear Quadratic Controller (LQR). The LQR is designed such 

that it minimizes the cost function and reduce the unwanted disturbances actively. The locations of the patches are 

varied and the optimal location is determined and also the patch length is varied and the optimal length is also 

determined.  

2. METHODOLGY 

The cantilever beam is denoted in r-y coordinates. Consider M(x,t) is the bending moment, V(r,t) is the shear 

force and f(r,t) is the external force per unit length of the cantilever beam. Euler- Bernoulli beam equation with 

external force is given by Equation (1): 

 
Figure.1. Cantilever beam with actuator, sensor and control system 
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Active control of vibrations in flexible structures is efficiently performed by piezoelectric actuators. The 

applied electric voltage changes the dimension of the piezoelectric material. Quartz crystal (SiO2) exhibit 

piezoelectric property. Artificial materials using ceramics and polymers such as PZT (lead zirconium titanate), PVDF 

(polyvinylidene fluoride) and LS (Lithium sulfate) exhibit the piezoelectric phenomenon.  

When the piezoelectric actuator is patched on top of the beam, then the equation of beam based on assumed 

mode approach is given by Equation (2) and Equation (3): 
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The main idea of the assumed modes approach is to expand the function y(r,t) as an infinite series in the 

following represented in Equation (4): 

y (r,t) = 
1

( ) ( )
i

i ir q t




     (4) 

Where ( )i r are the Eigen functions or mode shapes satisfying ordinary differential equations and also the 

boundary conditions of the beam.  

Mode Shape gives the significance of the relative movement of each and every particle from its mean 

position at respective natural frequency of the cantilever beam. Beam will be having countless number of natural 

frequencies. But only first four natural frequencies of the beams are considered and actively controlled.  

The natural frequency of the beam depends on the Young’s Modulus of the beam, mass density of the 

cantilever beam, moment of inertia of the beam, cross sectional area of the beam and i  which is a factor depending 

on mode shape of the beam. By substituting all material properties of the cantilever beam, the beam frequencies are 

calculated. Using modal analysis in ANSYS, the frequency values are compared. The natural frequency of the beam 

is given by Equation (5). 

i = (EI / A) * i 
2      (5) 

Position sensors are used to control active vibration. The changes which are caused because of the external 

disturbances in the beam, can be sensed using position sensors. Accelerometers are used for measuring end point 

acceleration. As the acceleration at the end is a function of time integrating it, displacement of the cantilever beam 

can be measured. 

Optimization refers to the science of performing a maximizing operation or minimizing operation on the 

objectives. Optimization requires a measure of performance. When mathematically formulated, this measure of 

performance is defined as the objective function. Optimization of control system is called optimal control. 

Linear Quadratic Regulator (LQR): The assumed mode approach is utilized to derive the spatial property of the 

laminate model. As the first ‘N’ modes of the cantilever beam is considered, the equilibrium equation consists of a 

finite dimensional state vector to define the system and a cost function relates the spatial behaviour of the composite 

system. Thus a spatial LQR controller attempts minimizing the entire structure’s vibration by minimizing the cost 

function. The position sensor measures the vibration of the beam Ytip and this information is feedback to the 

controller, which applies control voltage u(t) to the actuating piezoelectric patch. 

The Linear Quadratic Regulator (LQR) which consists of quadratic cost function of states and controls is 

used as optimal controller for a linear system, that is, equation (6) and equation (7).  

x’ = Ax + Bu      (6) 

y = Cx       (7) 

A control function u(t) is determined which minimizes the cost function, J given by the Equation (8). The 

function is quadratic and Q & R is symmetric. It is assumed that R is positive definite and Q is positive semi definite. 

If R is very relative to Q, the control energy is penalized severely and the control effort will reduce at the overhead 

of greater values for the state. When Q is very relative to R, which indicates that the state is penalized, the control 

effort increases to reduce the state, which results in a damped system. Q and R, are respective weights on different 

states and control channels respectively. 

J = 
0



 {x (t)T Q x(t) + u(t)T R u(t) } dt   (8) 

The Equation (9) corresponds to LQR problem cost function equation which is related to the total deflection 

of the cantilever beam. Thus, by minimizing the deflection cost function, the beam can be brought to the rest position 

quickly and smoothly. 
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J = 
0



 {
0

L

 [y(t,r)]2 dr + R[u(t)]2 } dt   (9) 

Equation (10) is the modified quadratic cost function, if vibrations at certain region of the cantilever beam 

are of importance. 

J = 
0



 {[x(t)]T Qx(t) + u(t)T R u(t) } dt   (10) 

Where  Q = C(L)T (r) C(L)     (11) 

Where (r) in Equation (11) is a weighing function which emphasizes the region which requires vibration 

minimization. 

Depending on the value of (r), the vibrations are reduced at a particular point. If vibrations should be 

controlled throughout the beam length then (r)=1, and Q is given by Equation (12) 

Q = diag (L3,0,…. L3,0)     (12) 

Table.1. Parameters of Beam 

Beam material Aluminum 

Young’s Modulus (N/m2) 6.75e10 

Beam Length (m) 500e-3 

Beam widhth (wb)(m) 30e-3 

Beam thickness (tb)(m) 1.5e-3 

Mass Density (kg/m3) 2752.3 

Moment of Inertia  

I = wb tb
3 / 12 (m4) 

8.4375E-012 

Area of cross section of Beam A = wb tb
3 (m2) 4.5E-005 

Table.2. Parameters of PZT 

Piezoelectric material PZT Piezoelectric material PZT 

Young’s Modulus (N/m2) 139 x 109 Charge constant (d31) (m/V) 11 x 10-11 

Patch Length (m) 50e-3 Voltage Constant (g31)(Vm/N) 0.010 

Patch width (wp) (m) 30e-3 Maximum electric Field (V/m) 1 

Patch thickness (tp) (m) 0.5e-3   

The Lead Zirconate Titanate (PZT) is used as piezoelectric patch. The parameter values of both beam and 

patch is, substituted in state space equation and is transformed into transfer function using MATLAB codes and the 

response curves are plotted. The response of step input with and without the controller patch is plotted and analysed. 

Then the patch is placed on top of the beam and the location of patch is varied continuously and the corresponding 

response is plotted and analyzed. The Controller weighting matrix [R] is measured as [6 x l0-10] for all the different 

locations of the patch. 

  
Figure 2 : Step input response at the free end of the beam with PZT at different positions of the beam 

(1- Uncontrolled, 2- controlled patch at 250 mm from fixed end, 3- controlled patch at 150 mm from fixed end, 

4- controlled patch at 0.5 mm from fixed end) 

3. RESULTS AND DISCUSSION 

The step input is given and its response is plotted and analysed for different position of PZT. Initially without 

any controller, the response is plotted. It is inferred from the graph that the response decays after certain interval of 

time because of material damping. If the controller is present, the beam cost function is reduced, thus controlling 

vibrations in short interval of time. The position of PZT patch is placed at various position from the fixed end of the 

beam and its response for step input is plotted. From the graph it can be concluded that the position of PZT patch 

near to the fixed end reduces the amplitude of vibrations significantly and rapidly. The amplitude values of vibration 

for different positions of PZT patch from fixed end of beam at a particular time of 0.5 sec is tabulated in Table.3. 
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Table.3. Step Input Response for different positions of PZT from fixed end of Cantilever Beam 

Distance from fixed end (in meters) Amplitude (mm) 

250E-3 0.993 

150E-3 0.827 

100E-3 0.779 

75E-3 0.757 

25E-3 0.714 

1E-3 0.698 

 

 
Figure.3. Step input response at the free end of the beam for different size of PZT 

(1- Patch length 100 mm, 2- Patch length 300 mm, 3- Patch length 500 mm) 

Table.4. Step Input Response for different length of PZT 

Length of the patch (in meters) Amplitude (in meters) 

100E-3 0.422 

300E-3 0.256 

500E-3 0.0746 

The second method to reduce vibration is obtained by varying the length of the PZT patch. The step input 

response is plotted for different length of the PZT patch by increasing its length from small value. The graph plotted 

shows that the increase in actuator length decreases the vibration amplitude. The values of the vibration amplitude 

for different length of the patch at the time of 1 sec is tabulated in Table.4.  

4. CONCLUSION 

In this work, the vibration caused by the step input on a Cantilever beam is controlled by using different 

piezoelectric actuators. Vibrations are actively controlled at the free end of cantilever beam using piezoelectric 

actuators. Optimal Linear Quadratic Regulator is designed for active vibration control based on the cost function 

related to minimization of deflections of the beam. Vibrations are very rapidly controlled when the piezoelectric 

actuator is placed very near to the fixed end of the cantilever beam. Vibrations are very quickly controlled when the 

length of piezo electric actuator is placed fully along the length of the beam. 
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