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ABSTRACT 

The study emphasizes transient response analysis of an automotive passive suspension system. Four degree 

of freedom system is modelled. The transient analysis helps to obtain the response of system in time domain for 

different road inputs. Frequency responses analysis of the system is also done to understand the response of the 

system in frequency domain. The effect of variation of suspension system parameters on system response are 

analysed. State space method is used to model the system. The suspension system is modelled as a linear time 

invariant (LTI) system. 
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INTRODUCTION 

Why do we need suspension? The simple answer is due to ‘Road irregularities’. In the ancient days, 

wooden wheels were used and there were no intermediate flexible members connecting axles and chassis. This 

made the ride uncomfortable on unpaved roads. The invention of pneumatic tyres helped to improve the ride 

comfort by getting elastically deformed and thereby absorbing road shocks. The invention which redefined the 

comfort levels prevailing till then was keeping an elastic member in between axle and chassis. The change which 

this elastic member brought was enormous. The passengers felt less road shocks than before. The drawback of this 

system was, when the vehicle goes through a road undulation, the sprung mass will get start oscillating, which dies 

out very slowly. This caused the wheel to bounce excessively and thereby losing the road grip. To control the 

oscillation, a damper was connected parallel to the elastic member, which dissipated the energy responsible for the 

oscillation. This was the first suspension system for an automobile. 

As in the case of any other engineering design problem, suspension design needs to satisfy those needs, which are 

conflicting. Their design should satisfy Comfort, Road holding and Handling needs. So design can be made 

specifically for a particular application, either for comfort, as in case of passenger cars or for handling, as in case of 

motorsports application. 

Comfort is quantified by the vertical acceleration of passenger locations. Lower values of the vehicle body 

acceleration implies lower inertia forces experienced by passengers and thereby indicates superior comfort. Road 

holding quantifies the performance of the vehicle in high speed corners and fierce acceleration and braking 

conditions. Handling performance can be measured by roll and pitch motions during acceleration, braking and 

cornering. 

For two wheelers, suspension dynamics can be modelled by modelling the in-plane dynamics of the system. In- 

plane dynamics concerns motion of the vehicle in which plane of symmetry does not move. A linear four degree of 

freedom planar model is developed. Modelling is done by state space method. Transient response for step input has 

been done. Frequency response analysis is done and verification is done by eigen value analysis. The effects of 

suspension stiffness on the system behaviour is studied. Parameters studied are, sprung mass displacement, sprung 

mass acceleration, normal tyre load and natural frequency. 

Numerical modelling 

Modelling can be done by using transfer functions approach or state space approach. In this paper, state space 

modelling approach is adopted. 

Symbols used 

g − Acceleration due to graviy 

cf − Distance of CG from front axle 
cr − Distance of CG from rear axle 
Csf − Front suspension damping 

Ksf − Front suspension stiffness 
Ktf − Front tyre stiffness 
muf − Front unsprung mass 

Zuf − Front unsprung mass displacement 
Zrf − Front wheel road input 
I − Moment of inertia about lateral axis 
Csr − Rear suspension damping 
Ksr − Rear suspension stiffness 
Ktr − Rear tyre stiffness 
mur − Rear unsprung mass 
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Zur − Rear unsprung mass diaplcement 
Zrr − Rear wheel road input 
Zs − Sprung mass displacement 
θ − Sprung mass pitch 

δtf − Static front tyre deflection 

δtr − Static rear tyre deflection 

δt − Static tyre deflection 

wb −Wheel base
Four degree of freedom planar model 

This model has 4 degrees of freedom, which are Vertical motion of the sprung mass (bounce) Angular motion of 

the sprung mass about lateral axis (pitching) Vertical motion of the rear un-sprung mass Vertical motion of the 

front un-sprung mass. 

 
Fig 1 Four dof planar mode 

 

Governing equations 

For the sprung mass (bounce), 

mZs̈ + Csr(Zṡ + crθ̇ − Zuṙ ) + Csf(Zṡ − cfθ̇ − Zuḟ ) + Ksr(Zs + crθ − Zur)

+ Ksf(Zs − cfθ − Zuf) = 0 
(1) 

For the sprung mass (pitch), 

Iθ̈ + Csrcr(Zṡ + crθ̇ − Zuṙ ) + Csfcf(Zuḟ + cfθ̇ − Zṡ) + Ksrcr(Zs + crθ − Zur)

+ Ksfcf(Zuf + cfθ − Zs) = 0 
(2) 

For the rear un-sprung mass, 

murZur̈ + Csr(Zuṙ − Zṡ − crθ̇) + Ksr(Zur − Zs − crθ) + Ktr(Zur − Zrr) = 0 (3) 

For the front un-sprung mass, 

mufZuf̈ + Csf(Zuḟ + cfθ̇ − Zṡ) + Ksf(Zuf + cfθ − Zs) + Ktf(Zuf − Zrf) = 0 (4) 

Neglecting damping, the equation becomes, 

[

ms 0 0 0
0 I 0 0
0 0 muf 0
0 0 0 mur

]

{
 
 

 
 Zs̈
θ̈
Zuf̈

Zur̈ }
 
 

 
 

+

[
 
 
 
Ksr + Ksf Ksrcr − Ksfcf −Ksf −Ksr

Ksrcr − Ksfcf Ksrcr
2 + Ksfcf

2 Ksfcf −Ksrcr
−Ksf Ksfcf Ksf + Ktf 0
−Ksr −Ksrcr 0 Ksr + Ktr]

 
 
 
{

Zs
θ
Zuf
Zur

}

= {

0
0
0
0

} 

(5) 

Assuming the motion to be simple harmonic, the above matrix can be re-written as Euler’s equation, [A] − λ[I] = 0 

and thus natural frequencies can be found out. 

State space model 

Eight states of the 4 DOF planar model are 

X1 − Zs (Sprung mass displacement) 
X2 − Zṡ (Sprung mass velocity) 
X3 − θ (Sprung mass pitch) 

X4 − θ̇ (Sprung mass pitch velocity) 
X5 − Zur (Rear unsprung mass displacement) 
X6 − Zuṙ  (Rear unsprung mass velocity) 
X7 − Zuf (Front unsprung mass displacement) 
X8 − Zuḟ  (Front unsprung mass velocity) 
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Ẋ = AX + BU  State equation 

Y = CX + DU  Output equation 

  

{Y}⏞
{Y}

= [I ]⏞
[C]

{X}⏞
{X}

+ [0]⏞
[D]

[
Zrr
Zrf
]

⏞
U

 

Solution 

Values of mechanical parameters used for simulation: 

ms = 200 kg  mur = 18 kg 

muf = 15 kg  Ksf = 15000 N/m 

Ksr = 24000 N/m Csf = 500 Ns/m 

Csr = 750 Ns/m  Ktr = 180000 N/m 

Ktf = 180000 N/m I = 38 kgm2 

wb = 1.4 m  cr = 0.7 m 

Transient response for step input 

  
Fig 2 Sprung mass displacement Fig 3 Sprung mass pitch 

The state space is solved using MATLAB. A step input of 0.1 m is given and response is found out. Figure 

2 shows the response of sprung mass displacement. Sprung mass gets displaced to a maximum of 0.16 m. Figure 3 

shows the pitching response. It is clear from the graph that, at first, the sprung mass pitches in the clockwise 

direction (while deriving equations of motion, clockwise pitch is taken as positive). This is because the product 

Ksr × cr is greater than Ksf × cf. This makes rear suspension offering more resistance to deformation than front 

suspension. 

  
Fig 4 Sprung mass acceleration Fig 5 Sprung mass acceleration 

Figure 4 & 5 shows the sprung mass acceleration of the body to step input. From Figure 13, the maximum value of 

sprung mass acceleration is 58.96 m/s2. 
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Frequency response 

 

Fig 6 Frequency response 

 

 

From the plot, four natural frequencies are 

ω1 = 1.98 Hz  ω2 = 17.15 Hz 
From Euler’s equation,  [A] is obtained. Square root of the eigen value of [A] gives the natural frequencies of the 

system. 

[A] = [

195 1 −1000 −1333
32 2 700 −933
−75 1 13000 0
−120 −2 0 11333

] 

Four natural frequencies obtained by solving Euler’s equation is 

ω1 = 0.20 Hz  ω2 = 2.10 Hz 
ω3 = 16.95 Hz  ω4 = 18.15 Hz 
Disagreement in the values is due to exclusion of the damping values in eigen value problem. 

Comparison of response for different suspension parameters 

Suspension stiffness 

In this comparison, different ratios of tyre and suspension stiffness are used; ratio between front and rear 

suspension stiffness are kept as constant. Ratios used are Ktr/Ksr = 4, 6, 8, 10; 10 being the softest suspension. Ratio 

between front and rear suspension stiffness is take as 1.6, same as that in the vehicle specifications. 

 

  
Fig 7 Sprung mass displacement Fig 8 Sprung mass velocity 

Figure 7 is the comparison sprung mass displacement for different suspension stiffness. From the graph, it is clear 

that for stiffer suspension, there will be higher velocities of sprung mass (Figure 8) and therefore higher 

displacements. 

  
Fig 9 Sprung mass pitch Fig 10 Sprung mass acceleration 
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Figure 9 shows the comparison for pitching response. Vehicle with stiffer suspension springs have higher 

pitch. This is because stiff springs will transmit base excitations rather than absorbing it. Hence the cause the 

sprung mass to pitch more. Figure 10 shows the comparison for sprung mass acceleration. Stiffer springs will have 

higher acceleration because, they transmit the motion more efficient and faster than soft springs: which transmit 

less base excitations and in a slower manner. 

Normal tyre load variation 

  
Fig 11 Rear tyre normal load Fig 12 Front tyre normal load 

Figures 11 & 12 shows normal tyre load rear and front tyre respectively.Since it is difficult to judge the normal tyre 

load due to cyclic variations, Root Mean Square (RMS) value can be used to compare them. 

Table.1.RMS value comparison 

Suspension Stiffness 

(N/m) 

Sprung mass 

acceleration 

(m/s2) 

Rear tyre 

normal load 

(N) 

Front tyre 

normal load 

(N) Ksr Ksf 

45000 28125 2.5542 1227.3 1218.7 

30000 18750 2.0286 1225.6 1213.9 

22500 14063 1.8066 1226.7 12137 

18000 11250 1.6929 1228.1 1214.3 

From table 2, it can be observed that, for higher suspension stiffness, there will be more sprung mass 

acceleration and more normal tyre load. Hence it can be concluded that for stiffer suspension there will be poor 

comfort and better road holding (traction, braking, cornering) capabilities. 

CONCLUSION 

The passive suspension of two wheeler has been mathematically modelled, solved and analysed. Step input is 

given to the model for solving the model. Frequency response of the model is also analysed to get details of the 

natural frequencies. Comparisons has been done to study the effects of the changing the suspension stiffness on the 

system response and following conclusions are made. 

1. Stiffer suspensions have higher road holding (traction, braking and cornering) capabilities. Road holding 

depends on the forces generated by the tyre which are frictional forces in nature. Frictional forces varies linearly 

with normal load on the tyres, and this in turn depends on the tyre deflection (sprung mass displacement – road 

input). For a stiffer suspension, the RMS value of the normal tyre load is higher, indicating superior road holding. 

2. Stiffer suspensions have higher sprung mass accelerations. Sprung mass acceleration quantifies human 

comfort. This is because, when a body accelerates, inertia forces will act upon it, which is the cause of discomfort. 

For softer suspensions, sprung mass accelerations are less thereby improving suspension. This is because, softer 

springs absorbs the excitations given to the base. 
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